Toroidal shapes are often found in bio-molecules, viruses, proteins and fats, but only recently it was proved experimentally that toroidal structures can support exotic high-frequency electromagnetic excitations that are neither electric or magnetic multipoles. Such excitations, known as toroidal moments, could be playing an important role in enhancing inter-molecular interaction and energy transfer due to its higher electromagnetic energy confinement and weaker coupling to free space. Using a model toroidal metamaterial system, we show that coupling optical gain medium with high Q-factor toroidal resonance mode can enhance the single pass amplification to up to 65 dB. This offers an opportunity of creating the ''toroidal'' lasing spaser, a source of coherent optical radiation that is fueled by toroidal plasmonic oscillations in the nanostructure.
S
paser is a quantum amplifier of surface plasmons based on stimulated emission of radiation. It was introduced by Bergman and Stockman in 2003 1,2 as a nano-plasmonic counterpart of a laser that could generate intense coherent plasmonic fields and feed nanoscale plasmonic circuits. Since, there has been a surge of activity in this field, both theoretical and experimental 3 (see Ref. 3 , and references therein) culminated by a recent demonstration of the nano-particle-based spaser 4 , plasmonic laser [5] [6] [7] , and electrically pumped nanolaser 8, 9 . In a further development of the spaser concept the stimulated plasmonic oscillations were suggested to power up a nanoscale source of coherent radiation, the lasing spaser 10 . The key element of the lasing spaser is a plasmonic metamaterial, a two-dimensional array of plasmonic nano-resonators, which can support a high-Q collective and low radiation mode of excitation. This mode has the lowest dipole scattering loss when all resonators in the array oscillate in phase. An example of such mode is the anti-symmetric plasmon oscillations excited in weakly asymmetric split-ring resonators, the so-called trapped mode 11 . Engaging the trapped mode produces a narrow-diversion spatially coherent beam of radiation and substantially reduces the gain threshold compare to other gain-assisted solutions based on common electric and magnetic dipolar modes, including nanoshell 12 and horseshoe 13 plasmonic resonators. In this letter we propose a lasing spaser that is fueled by previously overlooked toroidal dipolar mode of plasmonic coherent oscillations. This peculiar electromagnetic mode is formed by poloidal currents (i.e. currents flowing on a surface of a torous along its meridians 14 ) and cannot be described in terms of the standard multipole expansion 14, 15 ; it couples very weakly to electromagnetic radiation and until recently remained elusive at microwave 16 and optical frequencies 17, 18 . Recently, Ö güt et al. proposed oligomer nanocavities with a near-field excitation source which makes the toroidal resonances prominent at visible frequencies 19 . We show that compare to the conventional magnetic dipolar response, engaging toroidal dipolar resonance in a near-IR active metamaterial enables to lower the levels of gain for loss compensation, optical amplification and lasing. The resonant toroidal mode also ensures stronger collective response of the metamaterial, which will lead to better spatial coherency and narrower diversion of the beam produced in the self-starting regime.
Results
Figures 1(a) shows a schematic diagram of the proposed toroidal lasing spaser. It is based on a two-dimensional array of plasmonic toroidal metamolecules embedded into a dielectric slab with optical gain. Each metamolecule occupies a rectangular unit cell t 3 a x 3 a z and is formed by four identical U-shaped gold nano-resonators suspended in the dielectric with alternating orientations yielding 2-fold rotoinversion axis parallel to z-axis. The dimensions of the metamolecules ensure non-diffractive resonant operation of the metamaterial in the near-IR spectral range (see Fig. 1(b) ).
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The optical response of the toroidal metamaterial was modeled by solving 3D Maxwell equations with full-wave finite-element method (COMSOL Multiphysics 3.5a). The permittivity of gold was described by Drude model 20 with the damping constant c set to 2p 3 6.5 3 10 12 s 21 and the plasma frequency v p 5 2p 3 2.175 3 10 15 s 21 . Refractive index of the dielectric slab was n 5 1.39, while its gain coefficient was assumed to be independent of frequency and as in Ref. 10 was introduced through imaginary part of the dielectric permittivity e 00 according to a~(2p=l)Im( ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi e 0 zie 00 p ). Figure 2 (a) shows the simulated transmittance, reflectance and absorbance spectra of the metamaterial slab without the presence of gain (a 5 0 cm 21 ). The spectra show two resonances located at 111.7 THz and 121.8 THz respectively. Multipole decomposition of plasmonic currents resonantly induced in each metamolecule indicates that high-frequency resonance corresponds to conventional magnetic dipole response, while low-frequency resonance signifies the excitation of toroidal dipolar mode (see Figure 2 (e) of Ref. 17) . The toroidal resonance and magnetic resonance are excited because of the coupling effect of the front and back magnetic dipole pairs of SRRs 16, 17 . Actually, the plasmonic metamaterials such as nanorod and nanowire exhibit the electric resonance depending on its geometrical properties and orientation with respect to the illuminating light 21, 22 . Utilizing the retardation of the electric resonances induces localized field which resulting in a magnetic dipolar resonances within the intermediate spacer. Such interaction between the retardant fields has also been investigated that provides a very broad resonance in the field of negative index issue 23, 24 . Moreover, not only the retardation of the electric resonances but also the magnetic resonances can provide particular plasmonic resonances, such as toroidal dipolar response [16] [17] [18] and magnetic interaction in sterometamaterial 25 . The toroidal resonance is excited at the lower frequency due to the electric and magnetic dipole interaction at toroidal resonance shows a more stable and lower energy configuration than that at the magnetic resonance (see Ref. 17 for detailed discussion). The toroidal resonance shows local distribution of magnetic field lines curling around the metamolecule's symmetry axis at 111.7 THz. The mode is slightly distorted due to plasmonic loss, but as we show later, will be restored in the presence of gain.
Figures 2(b) and 2(c) show how the reflectance and transmittance spectra of the toroidal metamaterial change as the gain coefficient a 
cm
21 at magnetic and toroidal resonances respectively, the resonant reflectance reaches unity, while the transmittance drops to zero. A further increase of gain leads to rapid increase of both reflectance and transmittance, which reach a maximum of 60 dB at a 5 635.5 cm 21 and 65 dB at a 5 503.5 cm 21 for correspondingly magnetic and toroidal resonances. The first stage signifies gainassisted reduction of the plasmonic losses, which become fully compensated near the threshold. At the second stage the resonant scattering from the plasmonic metamolecules exceeds the intensity of the incident (probe) beam in both transmission and reflection directions, and the metamaterial starts to operate as a single-pass small-signal optical amplifier.
Discussions
To further quantitatively clarify the gain-assisted radiated enhancement of dipoles and multipoles, here we calculate the radiated power of electric and magnetic multipoles as well as toroidal dipole for different values of gain coefficient a. The field distribution and radiated power of the 1st metamolecule for a 5 366 cm 21 (at lasing threshold) and a 5 503.5 cm 21 (at transmittance maxima) are shown in Figures 3(a) and 3(b) respectively. We found, comparing our prior work (the Figure 2 24 THz. In particular, one may observe that the width of both resonances decreases very rapidly with increasing gain and the resonances virtually collapse as their width reduces by about 3 orders of magnitude near the amplification maximum. The collapse is also accompanied by a rapid increase of the resonance quality factor, which exceeds 10 5 in the case of the toroidal dipolar mode. In the most cases on plasmonic metamaterials, the radiation loss and Joule loss are two key problems making the performance of plasmonic metamaterials become worse. The later problem could be eliminated by adding gain medium into a metamaterial system 1, 4 . However, the radiation loss becomes stronger while gain increases. Therefore, for a very large gain value a, the excess of gain starts to dump plasmonic oscillations (just as losses do), which broadens the resonances and reduces the efficiency of amplification 10 . Besides, each individual mode has distinct optimal gain coefficient because the different values of the radiation loss.
Although both types of the metamaterial resonance show similar dependencies on the gain coefficient, we note that for the toroidal resonance all stages of the response transformation are achieved at markedly lower levels of gain. In particular, the threshold value of a is about 10% smaller here, while the level of gain that maximizes singlepass amplification in the metamaterial is reduced by more than 20%. Remarkably, at a < 504 cm 21 the strength of the toroidal excitation exceeds that of the magnetic dipole by 5 orders of magnitude, as evident from Figure 3(b) . We argue that this is because the toroidal dipolar excitation is spatially much more confined and exhibit much weaker coupling to free space (i.e. radiative loss) compare to the magnetic dipolar mode. Indeed, the field lines of the fully developed toroidal mode are self-terminated and completely localized within a well-defined region of the metamaterial's unit cell (see Figure 3(b) ), which makes this type of electromagnetic excitation very different from the standard dipolar (and even quadrupolar) modes. In our case the plasmonic metamolecules resemble a nano-scale analogue of resonant cavities with highly reflecting mirrors, thus providing much more efficient transfer of energy from the gain medium to the toroidal mode. This also ensures lower gain threshold in the self-starting regime (i.e. lasing) at the toroidal resonance.
Importantly, the spatial extent of the toroidal mode in a metamolecule (and therefore its radiative loss) is reduced in the vicinity of other toroidal excitations due to partial cancellation of the magneticfield vortices produced by each mode. Thus the toroidal resonance is also a collective effect, which should become stronger in large arrays. This is illustrated in Figure 4 (c), where we plotted the quality factors of both magnetic and toroidal resonances as functions of the total number of metamolecules for the case of zero gain. One can see that the Q-factor of the toroidal resonance rises faster and appear to exceed the level of the magnetic resonance in the metamaterial arrays larger than 5 3 5. In the lasing regime the suppression of radiative loss due to collective behavior guarantees that the in-phase toroidal oscillations in a large number of the plasmonic metamolecules will win over other modes of excitation, generating spatially coherent diffraction-limited beam of optical emission normal to the array.
In conclusion, we have proposed and numerically studied near-IR toroidal lasing spaser, a metamaterial-based optical amplifier/source of coherent radiation fuelled by toroidal plasmons. Switching from magnetic to toroidal dipolar response at around 110 THz allows to achieve better coherency and bring the gain threshold down to the level of 366 cm 21 , which can be provided by quantum cascade amplifiers in near-IR, such as quantum dots (QDs) 26, 27 , quantum wells 28, 29 , and organic dyes 30 . Such a high Q-factor of toroidal metamolecule with a narrow bandwidth of gain has applications, such as single pass amplifier which the certain frequency of incident wave can be amplified up to 65 dB (,3.16 3 10 6 times). The modeled sub-micron toroidal resonators can be fabricated using recently developed ebeam lithography technique with precise alignment 31 or stressdriven assembly fabricated method 32 , while reducing their size would enable to blue-shift the resonant response and exploit other types of optical gain media.
